
Math Logic: Model Theory & Computability
Lecture 16

/

·- [0,..., k - 13,Infinite Ramsey Theorem .

For
any

C
,
k and

any colouring c : (IN]
There is an infinite MINN comonochrouctic subset

.

Proof . For a tI and ASIN
,
Quote [a , A] :=> >0 , a

. . .

,de-2 : Lay ..., ae- 3 + [Allah t
,

30 for C = 2
,

Ca
,
A) = 43a ,

a'7 : a'cAL(a)] .

8
We inductively build a decreasing Sequence (An) of infinite subse of N

such that Can
,
Anti] is comonochromatic

,
where :Emin And And.

let Ap := IN
. Suppose AnEIN is defined and is infinite

y
Set an := minAn

.

By Un infinite-in-finite Pigeonhole Principle ,
there is an infinite·N 03 A <AnKan] such Hat [an

,
An + 1) is monochromatic

. It Anxi ,

let Ad : = an : 4E/N)
,
have infinite

,
and define c : Art 30,,..., b+ 3 by

setting clan) to be the volour of the set (anAn +]. Again by the Pigeonhole
Principle

,
there is a monochromatic subset McAd

, say
of colour O

.

Then for any 2izan,s Any ..., ang3 GMMJe where M ,<12 ... Me ,
we have

that Jan
, .... One) E/Antiff hears ec[an , An,+] and thus ((e) = 0

.

- Heave M is -monochromatic .

-
..
-------- -⑳ ⑳ ⑳↓ ② ·

dp= 0 Al a Az

Now we drive a finitary version from this using compartment :

Finite Ramsey Them .

For
any

C
,
KENN and

any
meINT, Where in NEIN such that

for anycolouring c : [N]-> E
,
where in = = <0, 1 . -, na) for a EN

,
Kare is a comone

chromatic subset MEN of m elements
.

Proof. For motational convenience
,

we prove for ei= 2 and Ki = 2
, suppose towards

a contradiction that there is MEN" such lot no matter how large NEIN
we take , there is a "bad" colouring C : [N]-> 90,1) with no monochro-



&

matic subset of size m . Ct +:= (Rp
,
Ril

, where Ro
,
R

,
are "-ay relations

and let the --theory I be the conjunction of the following sentences:
(i) For i=P

,
1

,
4 : = x Vy Ri(x,) - (( + y) McR , . ,

(x
,3)]

(ii) Kxty(x+ y
-> (Ro(x

,y) V R , (x,z)] .

(iii) Ex
, Exe ...

VXm(,xitxe V [Rolxi
, xi) 1 R ,

(xi
, xi)]) -

kijmKijm

Thee this I has arbitrarily large finite models by our hypothesis ,
so

it has an infinite model (by compactuen). But this infinite model will

have an infinite monochromatic subset ↳ Infinite Ramsey therem ,
contra-

dieting axim (iii) which sags
bot there is no monochromatic

subset of size un
.

Remark. The compacten-and-contradiction arguments are as follows : suppose there
w arbitrarily large counter-examples to the desired statement

,
then

there is an infinite counter-example (by compactment , which we have

proven doesn't exist via other infinitary tools .

Completenes of theories and categoricity -

The following ustion is critical in model theory and provides a look for proving
completenen (as well as quantifier elimination and other things).

Def , let I be a cardinal. Call a --theoryT -categorical if any two
models

A
,
BFT of cardinality & are isomorphic. We

say MA T is categorical
if it is categorical in some cardinal k .

Examples. (a) For a finite signature O and
my

finite -structure A
,
Th(A

is1Al-categorical .

(This was a horework exercised



(6) NL8 is No-categorical .
Indeed

,
all attel dense linear orders who endpoints

are isomorphic ho Q := (R,) .

Proof. It A FOLO be ctb) model and we build an isomorphism
h : A =Q by a back-and-forth

argument
. Ennemerate A = (au)EIN

-

⑭=(an) neiN We inductively build an increasing sequence (hn) of partial order-

iomorphisms A-Q with finite domains sit. Up I doulker) andI

1n Eim Chart). Let h. : = 0 so dom(h-1) =*
,

in (1) = 0 .

/

suppose har- is defined. Define has : dom/an -) V99n) -> Q by
if

ac* ⑭
Ej q
⑬taking keel dow (mor enhunt andekan) so

41 s X 4 ↑

dom(42p-1)
, A M I to

I

that her is an order-isomorphism ,

which is possible 90 4 as
because is dense linear onler without endpoints le the picture .

Similarly ,
we define hapt , extending her and still an order-isomorphism but

also
ye im Chantil

,
see the picture. Treating the hu as sete of pains,

we define hiUhn ,
so h is an order-isomorphism with domain = A and

image =

,
and thus an isomorphism from A to &


